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Abstract—Frequency-hopping (FH) spread spectrum and direct-se-
quence spread spectrum are two main spread-coding technologies.
Frequency-hopping sequences are needed in FH code-division multiple-ac-
cess (CDMA) systems. In this correspondence, three classes of optimal
frequency-hopping sequences are constructed with algebraic methods. The
three classes are based on perfect nonlinear functions, power functions,
and norm functions, respectively. Both individual optimal frequency-hop-
ping sequences and optimal families of frequency-hopping sequences are
presented.

Index Terms—Direct sequence spread spectrum, frequency-hopping se-
quence, frequency-hopping spread spectrum, norm function, perfect non-
linear function.

I. INTRODUCTION

Let F = ff0; f1; . . . ; f`�1g be a set of available frequencies, called
an alphabet. Let S be the set of all sequences of length v over F . Any
element of S is called a frequency-hopping sequence (FHS) of length v
over F . Given two frequency-hopping sequences X;Y 2 S , we define
their Hamming correlation HX;Y to be

HX;Y (t) =

v�1

i=0

h[xi; yi+t]; 0 � t < v

where h[a; b] = 1 if a = b, and 0 otherwise, and all operations among
the position indices are performed modulo v.

For any distinct X; Y 2 S , we define

H(X) = max
1�t<v

fHX;X(t)g

H(X;Y ) = max
0�t<v

fHX;Y (t)g

M(X;Y ) = maxfH(X);H(Y );H(X;Y )g:

The criteria of optimality are the following [8].
1) A sequence X 2 S is called optimal if H(X) � H(X0) for all

X 0 2 S .
2) Two distinct sequences X;Y 2 S are an optimal pair if

M(X;Y ) � M(X 0; Y 0) for all X 0; Y 0 2 S , X 0 6= Y 0.
3) A subset F � S is an optimal family if every pair of distinct

members of F is an optimal pair.
Throughout this correspondence, we use (v; `; �)-FHS to denote a

frequency-hopping sequence X of length v over an alphabet of size `,
with � = H(X).
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Lempel and Greenberger developed the following lower bound for
H(X) [8].

Lemma 1: For every FHS, X of length v over an alphabet of size `,
we have

H(X) �
(v � �)(v + �� `)

`(v � 1)

where � is the least nonnegative residue of v modulo `.
Lempel and Greenberger derived also the following bound for a pair

of sequences [8, Lemma 5].

Lemma 2: Let q be a prime power. For every pair of sequences X
and Y of length qm � 1 over an alphabet of size q, we have

M(X;Y ) � qm�1:

Let F be a subset of S containing N sequences. We define the max-
imum nontrivial Hamming correlation of the sequence family F as

M(F) = max max
X2F

H(X); max
X;Y 2F;X 6=Y

H(X;Y ) :

Peng and Fan developed the following bounds onM(F), which take
into consideration the number of sequences in the family.

Lemma 3: [10, Corollary 1] Let F � S be a set of N sequences of
length v over an alphabet of size `. Define I = bvN=`c. Then

M(F) �
(vN � `)v

(vN � 1)`
(1)

and

M(F) �
2IvN � (I + 1)I`

(vN � 1)N
: (2)

Frequency-hopping spread spectrum and direct-sequence spread
spectrum are two main spread coding technologies. Both have ad-
vantages and disadvantages. Frequency-hopping sequences are an
integral part of spread-spectrum communication systems such as
FH-CDMA systems (for a description of such systems, see [11]).
Frequency-hopping sequences for FH-CDMA systems are required to
have good Hamming correlation, and large linear span [7], which is
defined to be the length of the shortest linear feedback shift register
that can produce the sequence. Both algebraic and combinatorial
constructions of optimal FHSs have been given (see, for example,
[6], [8], [7], [12], [5], [3]). The objective of this correspondence is to
present three classes of optimal frequency-hopping sequences con-
structed with algebraic methods. They are based on perfect nonlinear
functions, power functions, and norm functions, respectively. Both
individual optimal frequency-hopping sequences and optimal families
of frequency-hopping sequences are presented.

II. A CONSTRUCTION FROM PERFECT NONLINEAR FUNCTIONS

Let f be a function from a finite Abelian group (A;+) to another
finite Abelian group (B;+). We say that f is linear if and only if f(x+
y) = f(x) + f(y) for all x; y 2 A. A function g is affine if and only
if g = f + b, where f is linear and b is a constant.

A robust measure of nonlinearity of f is defined by

Pf = max
06=a2A

max
b2B

jfx 2 A : f(x+ a)� f(x) = bgj

jAj

where jAj denotes the cardinality of the set A. The smaller the value
of Pf , the higher the corresponding nonlinearity of f .
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It is easily seen that Pf � 1
jBj

[2]. A function f : A ! B has
perfect nonlinearity if Pf = 1

jBj
. The following lemma is proved in

[2].

Lemma 4: A function f from a finite abelian group (A;+) to a
finite abelian group (B;+) is perfect nonlinear if and only if for each
nonzero a 2 A, f(x+ a)� f(x) takes on each element of b the same
numbers of times when x ranges over all elements of A.

Below, we present a construction of optimal frequency-hopping se-
quences with perfect nonlinear functions.

Theorem 5: Let `; k be positive integers, and n = `k. Let B be an
Abelian group of size `. Suppose there is a perfect nonlinear function
f from Zn to B. Define a frequency-hopping sequence X of length n
over B as

X = ff(0); f(1); . . . ; f(n� 1)g;

then X is an optimal (n; `; k)-FHS.
Proof: For any 1 � w < n, we have

HXX(w) = jfi : 0 � i < n j f(i) = f(i� w)gj:

Since f is a perfect nonlinear function andw 6= 0, by Lemma 4, f(i)�
f(i � w) takes on every element of B exactly n=` times as i ranges
over Zn. Thus HXX(w) = k for any w 6= 0. So X is an optimal
(n; `; k)-FHS.

This construction is generic in the sense that it works for every per-
fect nonlinear function from Zn to an abelian group B. As examples,
we obtain FHSs based on the following perfect nonlinear functions
from Zp to Zp.

Lemma 6: [4] Let p be an odd prime. Define f : Zp ! Zp by
f(h + jp) = hj mod p for 0 � h; j � p � 1. Then f has perfect
nonlinearity with respect to (Zp ;+) and (Zp;+).

Example 1: The perfect nonlinear function f in Lemma 6 gives an
optimal (p2; p; p)-FHS. Let p = 5. Then the sequence is

X = (0; 0; 0; 0; 0; 0; 1; 2; 3; 4; 0; 2; 4; 1; 3; 0; 3; 1; 4; 2; 0; 4; 3; 2; 1):

Lemma 7: [1] Let f : Zp ! Zp be a mapping whose restriction to
Z
�
p is a surjective homomorphism with respect to (Z�

p ; �) and (Zp;+)
and is zero, otherwise. Then f has perfect nonlinearity with respect to
(Zp ;+) and (Zp;+).

A specific perfect nonlinear function of this type is the following [2].
Let p be an odd prime, and let � be a primitive root modulo p2. Define
f as

f(x) =
h; mod p, if x = �h for some h
0; otherwise.

(3)

Then f satisfies the conditions of Lemma 7 and is thus a perfect non-
linear function.

Here we have, in fact, p � 1 perfect nonlinear functions from Zp

to Zp by selecting the primitive root �. Thus, we have obtained p� 1
optimal (p2; p; p)-FHSs.

Example 2: Let p = 5. Then the function f in (3) yields the optimal
(25; 5; 5)-FHS

Y = (0; 0; 1; 2; 2; 0; 3; 0; 3; 4; 0; 1; 4; 4; 1; 0; 4; 3; 0; 3; 0; 2; 2; 1; 0):

Kumar constructed families of FHSs from generalized bent functions
[7]. The relations between perfect nonlinear functions and generalized
bent functions are not clear in general. They are functions having op-
timum nonlinearity with respect to two different nonlinearity measures.
However, the construction of this section is closely related to and mo-
tivated by Kumar’s constructions.

III. OPTIMAL FAMILIES OF FHS’S FROM POWER FUNCTIONS

Throughout this section, let p be an odd prime and q = pr . Let
m � 3 be an odd integer. In this section, we construct optimal families
of q-ary frequency-hopping sequences of length (qm � 1)=2. In the
sequel, we need the following lemma whose proof can be found in [9,
Th. 5.33].

Lemma 8: Let � be a nontrivial additive character of q , and let
f(x) = a2x

2 + a1x + a0 2 q[x] with a2 6= 0. Then

c2

�(f(c)) = �(a0 � a21(4a2)
�1)�(a2)G(�; �);

where � is the quadratic character of q , and G(�; �) is the Gaussian
sum.

We are now ready to describe the optimal families of q-ary FHSs
of length (qm � 1)=2. Let � be a primitive element of q , and let
n = (qm � 1)=2. Let s be an integer with gcd(s; qm � 1) = 1, and
define � = �2s.

For any a 2 q , define a vector

ca = Trq =q(a);Trq =q(a�); . . . ;Trq =q(a�
n�1) (4)

where Trq =q is the trace function from q to q .
Note that for any a; a0 2 q , we have ca � ca = ca�a .

Lemma 9: Let m � 3 be odd and a 2 q . The Hamming weight
of ca is given by

w(ca) =
0; if a = 0
q �q

2
; if a 6= 0.

Proof: If a = 0, then ca is the all-zero vector.
Now assume a 6= 0. Let � and � be the canonical additive character

and the quadratic character of q respectively. Let � = e
i� . Let

Trq=p denote the trace function from q to p. We have then

n� w(ca) =

n�1

j=0

1

q
c2

�Tr (c�Tr (a� ))

=
1

q
n+

c2

n�1

j=0

�Tr (Tr (ac� ))

=
1

q
n+

c2

n�1

j=0

�Tr (ac� )

=
1

q
n+

c2

1

2

q �2

k=0

�Tr (ac� )

=
1

q
n+

c2

1

2
x2

�(acx2)� 1

where in the last equality we used the fact that gcd(s; qm � 1) = 1.
By Lemma 8, we have that for any u 2 �

q , x2 �(ux2) =

�(u)G(�;�), where G(�; �) is the Gaussian sum. Let �0 be the
quadratic character of q , then since m is odd, it is easy to prove that
for any c 2 �

q , �(c) = �0(c). Thus �(c) takes +1 and �1 the same
number of times as c ranges over �

q .
So for any a 6= 0, we have

n� w(ca) =
1

q
n�

q � 1

2
+

1

2
c2

�(ac)G(�;�)

=
1

q

qm � 1

2
�

q � 1

2
=

qm�1 � 1

2
:

Thus w(ca) = (qm � qm�1)=2.

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 11, 2008 at 18:27 from IEEE Xplore.  Restrictions apply.



2608 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 7, JULY 2007

Now we determine the Hamming correlation values of the sequences
ca.

Lemma 10: Let m � 3 be odd, and let a 2 �
q . Then

H(ca) = (qm�1 � 1)=2:

Proof: From (4), we see that for any t with 1 � t < n, if we
cyclically shift ca to the left for t times, we obtain

ca� = Tr(a�t);Tr(a�t+1); . . . ;Tr(a�t+n�1) :

By definition, we have

Hc ;c (t) =n� dH(ca; ca� )

= (qm � 1)=2� w(ca�a� ):

Note that a�a�t 6= 0 for any 1 � t < n. The conclusion then follows
from Lemma 9.

Theorem 11: Let m � 3 be odd, and let a 2 �
q . Then ca is an

optimal ((qm � 1)=2; q; (qm�1 � 1)=2)-FHS.
Proof: The conclusion follows from Lemma 10 and Lemma 1,

with v = (qm � 1)=2 and ` = q.

Theorem 12: Let m � 3 be odd. Let a be a square in �
q and let a0

be a nonsquare in �
q . Then the ca and ca constitute an optimal pair.

Proof: By Lemma 10, H(ca) = H(ca ) = (qm�1 � 1)=2.
Now for any 0 � t < n = (qm � 1)=2, we have

Hc ;c (t) =n� dH(ca ; ca� )

= (qm � 1)=2� w(ca �a� ): (5)

Since a and a0 are a square and a nonsquare in �
q respectively, and

� is a square, a0 � a�t is always nonzero. It then follows from (5)
and Lemma 9 that Hc ;c (t) = (qm�1 � 1)=2 for any 0 � t <
(qm � 1)=2.

We conclude that M(ca; ca ) = (qm�1 � 1)=2. We claim that ca
and ca constitute an optimal pair. Otherwise, suppose there exist two
q-ary sequences X; Y of length (qm � 1)=2 with

M(X;Y ) �M(ca; ca )� 1 =
qm�1 � 3

2
: (6)

On the other hand, by considering the bound (1) with v = (qm�1)=2,
` = q, N = 2, we get

M(X;Y ) �
(qm � q � 1)(qm � 1)

2q(qm � 2)
: (7)

The inequalities (6) and (7) lead to 2qm+1 � 5q� 1, which contra-
dicts the fact that m � 3. The proof is now complete.

From the definitions in Section I, when the sequence length and
alphabet size are fixed, an optimal pair is the same thing as an op-
timal family of size two. So in the setting of Theorem 12, if we de-
fine F = fca; ca g, then F is an optimal family of FHSs meeting the
bound of (1).

Example 3: Let p = 3, r = 1, m = 3, s = 1, a = 1 and a0 = �1.
Then we have

F = f(0;2; 1; 2; 0; 1; 1; 2; 2; 2; 0; 2; 0);

(0; 1; 2; 1; 0; 2; 2; 1; 1; 1; 0; 1; 0)g:

Both sequences have linear span 3.

IV. OPTIMAL FAMILIES OF FHS’S FROM THE NORM FUNCTIONS

Throughout this section, let p be a prime and q = pr for some pos-
itive integer r. Let m � 1 be an integer. We use Norm(x) to denote
the norm function from q onto q , which is defined by Norm(x) =
x(q �1)=(q�1), where x 2 q . Let 1 � s � q � 2.

For any a; b 2 q , we define a function from q to q

fa;b(x) = Tr(aNorm(xs) + bx);

where Tr denotes the trace function from q onto q . Clearly,
fa;b(0) = 0 for all a; b 2 q .

For any a; b 2 q , we define the following vector:

ca;b = (fa;b(0); . . . ; fa;b(q �2)) (8)

where i = �i for 0 � i � qm � 2, and � is a primitive element of
q .
Let �(x) and e(x) be the canonical additive characters of q and
q , respectively.

Lemma 13: The weight w(ca;b) of the vector ca;b is given by

w(ca;b) =
1

q
((q�1)(qm�1)�

c2 x2

e(caNorm(xs)+cbx)):

Proof: By the orthogonality of group characters, we have

w(ca;b) = qm � 1�
1

q
x2 c2

�(Tr(aNorm(xs) + bx)c):

It then follows from the transitivity of trace functions that

w(ca;b) = qm � 1�
1

q
c2 x2

e(caNorm(xs) + cbx)

=
1

q
(q�1)(qm�1)�

c2 x2

e(caNorm(xs)+cbx) :

Lemma 14: Assume gcd(sm� 1; q � 1) = 1. Then

w(ca;b) =

0; if Tr(a) = b = 0

(q � 1)qm�1 � 1; if Tr(a) 6= 0 and b 6= 0

(q � 1)qm�1; if Tr(a) = 0 and b 6= 0

qm � 1; if Tr(a) 6= 0 and b = 0.

Proof: Assume b = 0. Now, by Lemma 13

w(ca;b)

=
1

q
(q � 1)(qm � 1)�

x2 c2

e(aNorm(xs)c)

=
1

q
(q�1)(qm�1)�

x2 c2

�(Tr(a)Norm(xs)c)

and the conclusion follows from the orthogonality of group characters.
If b 6= 0 and Tr(a) = 0 the conclusion follows immediately from
Lemma 13 and, again, by the orthogonality of characters.

Assume finally that bTr(a) 6= 0. Now

w(ca;b) =
1

q
(q � 1)(qm � 1)�

c2 x2

e(aNorm(x)sc+ bcx)
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=
1

q
(q � 1)(qm � 1)�

c2 x2

e(aNorm(c�1x)sc+ bx)

by Lemma 13 and substitution x 7! c�1x. Since Norm(c�1x) =
c�mNorm(x) for all c 2 �

q ,

w(ca;b) =
1

q
(q � 1)(qm � 1)�

x2

e(bx)
c2

�(Tr(a)Norm(xs)c1�sm) :

The mapping c 7! c1�sm is a permutation of �
q by the assumption

that gcd(1� sm; q � 1) = 1, and therefore

w(ca;b) =
1

q
(q�1)(qm�1)+

x2

e(bx) = (q�1)qm�1�1:

Now we are ready to describe optimal frequency-hopping sequences.
Let d be an element in �

q . We first determine the Hamming correla-
tion values of certain sequences cda;b.

Theorem 15: Assume gcd(sm� 1; q� 1) = 1 and 1 � s � q� 2.
Let (a; b) 2 q �

�
q .

• If a = 0 or Tr(d) = 0, we have H(cda;b) = qm�1 � 1.
• If a 6= 0 and Tr(d) 6= 0, we have H(cda;b) = qm�1.

Proof: The length of the vector cda;b isL = qm�1. Let cda;b(i)
denote the i-th element of cda;b, where 0 � i < L, and we count from
zero. Then from (8), we see that for any t with 1 � t � qm � 2, the
vector

cda;b(t mod L); cda;b(t+ 1 mod L)

. . . ; cda;b(t+ L� 1 mod L)

is equal to the vector cdaNorm(� );b� .
By definition, we have

Hc ;c (t) = q
m � 1� dH(cda;b; cdaNorm(� );b� )

= q
m � 1� w(cda(1�Norm(� ));b(1�� )):

Note that b(1� �t) 6= 0 since we assumed b 6= 0.
On the other hand, we have

Tr(da(1� Norm(�ts)) = (1� Norm(�ts))Tr(da)

= (1� Norm(�ts))aTr(d):

If a = 0 or Tr(d) = 0, then Tr(da(1� Norm(�ts)) = 0 for all t.
It then follows from Lemma 14 that H(cda;b) = qm�1 � 1.

If a 6= 0 and Tr(d) 6= 0, since 1 � s � q � 2, when t = 1 we
have that 1 � Norm(�ts) 6= 0. It again follows from Lemma 14 that
H(cda;b) = qm�1.

Theorem 16: Assume gcd(sm� 1; q� 1) = 1 and 1 � s � q� 2.
Let (a; b) 2 q �

�
q .

• If a = 0 or Tr(d) = 0, the sequence cda;b is optimal.
• If a 6= 0 and Tr(d) 6= 0, the sequence cda;b almost meets the

bound of Lemma 1.
Proof: Note that the bound of Lemma 1 becomes now qm�1�1.

The conclusions then follow from Theorem 15.
Now we describe an optimal family of FHSs. In the following, we

choose a fixed element d 2 �
q with Tr(d) 6= 0.

We consider the following set of sequences:

Gs := fcda;b : (a; b) 2 q �
�
q g

which contains q(qm � 1) sequences.
We claim that these sequences cda;b are pairwise distinct under the

condition that Tr(d) 6= 0. Since cda;b � cda ;b = cd(a�a );b�b for
any (a; b); (a0; b0) 2 q � q , we only need to prove that if cda;b
is the zero vector, then a = b = 0. Suppose cda;b = 0 for some
pair (a; b) 2 q � q . Then the Hamming autocorrelation values of
cda;b would be the constant qm � 1. It then follows from Lemma 14
that b = 0 and Tr(da) = 0. But Tr(da) = 0 implies a = 0 because
Tr(d) 6= 0.

Two sequences in Gs are said equivalent if and only if one is a cyclic
shift of the other. We now determine when two sequences in Gs are
equivalent. We have

Hc ;c (t) = q
m � 1� dH(cda ;b ; c

da Norm(� );b �
)

= q
m�1�w(c

d(a �a Norm(� ));b �b �
): (9)

It follows from the discussions above that two sequences cda ;b and
cda ;b are equivalent if and only if

a2 = a1Norm(�ts) and b2 = b1�
t

for some t with 0 � t < qm � 1.
Now we define

Fs = fcda;1 : a 2 qg: (10)

Then from the discussion above, any pair of distinct elements ofFs are
not equivalent (suppose cda;1 and cda ;1 are equivalent for a; a0 2 q ,
then from 1 = 1 � �t we get t = 0, which implies a = a0).

We now prove that this family Fs is optimal.
Let cda ;1 and cda ;1 be any two distinct sequences in Fs. Since

cda ;1 and cda ;1 are not equivalent, a1 6= a2. So at least one of a2 �
a1Norm(�ts) and 1 � �t is nonzero. Consequently, at least one of
Tr(d(a2�a1Norm(�ts))) and 1��t is nonzero. It then follows from
(9) and Lemma 14 that

H(cda ;1; cda ;1) = max
0�t�q �2

Hc ;c (t) � q
m�1

: (11)

Combining Theorem 15 and (11) yields

M(ca ;1; ca ;1) = maxfH(ca ;1);H(ca ;1);H(ca ;1; ca ;1)g

= q
m�1

: (12)

Hence, the bound of Lemma 2 is met for every pair of distinct se-
quences c(da ;1) and c(da ;1) in Fs. This completes the proof of the
following theorem.

Theorem 17: Assume that gcd(sm�1; q�1) = 1, 1 � s � q�2,
and d is an element in �

q with Tr(d) 6= 0. Then Fs is an optimal
family of q sequences of period qm � 1 over q .

One can check that the family of FHSs described in Theorem 17
meets also the bound of (1). The family in Theorem 17 has the same
number of sequences as the family of sequences constructed by Lempel
and Greenberger [8, Th. 2].

Example 4: Let p = 3, s = 1, m = 2, and d = 1. Then we have

Fs = f(2; 1; 0; 1; 1; 2; 0; 2); (1; 0; 2; 0; 0; 1; 2; 1)

(0; 2; 1; 2; 2; 0; 1; 0)g:

The first sequence has linear span 2, while the remaining two sequences
have linear span 3.
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V. CONCLUDING REMARKS

In this correspondence, one class of optimal FHSs is presented. Two
optimal families of FHSs are constructed. It is possible that other per-
fect nonlinear functions f presented in [2] may be used to construct
optimal families of FHS’s.
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On Quadratic Bent Functions in Polynomial Forms

Honggang Hu and Dengguo Feng

Abstract—In this correspondence, we construct some new quadratic bent
functions in polynomial forms by using the theory of quadratic forms over
finite fields. The results improve some previous work. Moreover, we solve a
problem left by Yu and Gong in 2006.

Index Terms—Bent function, Boolean function, Hadamard transform,
maximum nonlinearity, quadratic form, semi-bent function.

I. INTRODUCTION

A Boolean function with n variables is a function from Fn
2 to F2. If

the Walsh transform of a Boolean function has a constant magnitude,
we call it bent [20]. A bent function with n variables, where n is even,
has maximum nonlinearity 2n�1�2n=2�1. In other words, a bent func-
tion has maximal Hamming distance to the set of affine Boolean func-
tions. Bent functions have many applications in cryptography, coding
theory and sequence design. Since the nonlinearity is the most im-
portant criteria for the cryptographic strength of a Boolean function,
bent functions have been studied by many researchers in cryptography
[3]–[6], [8], [14], [17], [22]. In coding theory, bent functions are used
to define some error-correcting codes, such as the Kerdock codes [18].
Bent functions can also be used to design families of binary sequences
with large linear complexity and low correlation [16], [19].

The theory of quadratic forms over finite fields is widely used in
sequence design and analysis [2], [9], [11], [15]. It can also be used to
study bent and semi-bent functions in polynomial forms. (The formal
definitions of bent and semi-bent functions will be given in Section II.)

When n is odd, put

f(x) =

(n�1)=2

i=1

ciTr
n
1 (x

1+2 ); ci 2 2

where x 2 2 , and Trn1 (�) is the trace function from 2 to 2. In
[13] and [14], Khoo, Gong, and Stinson proved that f(x) is semi-bent
if and only if gcd(c(x); xn + 1) = x + 1, where

c(x) =

(n�1)=2

i=1

ci(x
i + x

n�i):

Motivated by this work, Charpin, Pasalic, and Tavernier studied the
following function:

f(x) =

b c

i=1

ciTr
n
1 (x

1+2 ); ci 2 2

in [6]. When n is even, they proved that f(x) is semi-bent if and only
if gcd(c(x); xn + 1) = x2 + 1, where

c(x) =

n=2�1

i=1

ci(x
i + x

n�i):

When n is odd, they gave more detailed results if f(x) has three or four
trace terms.

Manuscript received October 17, 2006; revised March 2, 2007. This work was
supported in part by the China Postdoctoral Science Foundation under Grant
20060400507, the National Natural Science Foundation of China under Grants
60603013, 60603018, and 60503014, and the National Grand Fundamental Re-
search 973 Program of China under Grant 2004CB318004

The authors are with the State Key Laboratory of Information Security (In-
stitute of Software, Chinese Academy of Sciences), Beijing, 100080, China
(e-mail: hghu@ustc.edu; feng@is.iscas.ac.cn).

Communicated by G. Gong, Associate Editor for Sequences.
Digital Object Identifier 10.1109/TIT.2007.899553

Authorized licensed use limited to: IEEE Xplore. Downloaded on December 11, 2008 at 18:27 from IEEE Xplore.  Restrictions apply.


